We introduce the notion of clean ideal, which is a natural generalization of clean rings. It is shown that every matrix ideal over a clean ideal of a ring is clean. Also we prove that every ideal having stable range one of a regular ring is clean. These generalize the corresponding results for clean rings.
Introduction.
Let R be a unital ring. We say that R is a clean ring in case every element of R is a sum of an idempotent and a unit. It is well known that every endomorphism ring of a countably generated vector space over a division ring is a clean ring (cf. [7, Theorem] ). A ring R is said to be unit regular in case for every x ∈ R, there exists a unit u ∈ R such that x = xux. Answering a question of Nicholson, Camillo and Yu [3, Theorem 5] claimed that every unit regular ring is clean. But there was a gap in their proof. In [2, Theorem 1], Camillo and Khurana proved this result by a new route and gave a characterization of unit regular rings.
In this paper, a natural problem asked whether there is a nonclean ring R while some element of R is a sum of an idempotent and a unit. So as to deal with such rings, we will introduce a notion of clean ideals. We show that clean ideals have similar properties to clean rings.
Throughout, all rings are associative with identity and all modules are right modules. We always use U(R) to denote the set of units of R. Definition 1.1. An ideal I of a unital ring R is clean in case every element in I is a sum of an idempotent and a unit of R.
Clearly, every ideal of clean rings is clean. But there exist nonclean rings which contain some clean ideals. Let R 1 be a clean ring and R 2 not a clean ring. Set R = R 1 ⊕ R 2 . Then R is not a clean ring. Set I = R 1 ⊕ 0. Given any (x, 0) ∈ I, we have an idempotent e ∈ R 1 and a unit u ∈ R 1 such that x = e + u because R 1 is clean. Hence, (x, 0) = (e, 1) + (u, −1). Clearly, (e, 1) = (e, 1) 2 ∈ R, and (u, −1) ∈ R is invertible. Therefore, we conclude that I is a clean ideal of R. Hence, the notion of clean ideals is a nontrivial generalization of clean rings.
Recall that an ideal I of a unital ring R is an exchange ideal provided that for any x ∈ I, there exists an idempotent e ∈ I such that e − x ∈ R(x − x 2 ).
Lemma 1.2. Every clean ideal of a unital ring is an exchange ideal.
Proof. Given any x ∈ I, we have an idempotent e and a unit u ∈ U(R) (2)⇒(1). Given any x ∈ I, we have an idempotent e ∈ R such that e ∈ Rx and 1 − e ∈ R(1 − x). Assume that e = ax and 1 − e = b (1 − x) . In addition, we may assume that ea = a and (1 − e)b = b. Hence, axa = ea = a, so ax, xa ∈ I are central idempotents. Thus, we have ax
and (1−x)b are central; and arguing as for ax and xa above, we get
2 ∈ R and u ∈ U(R), as required.
Corollary 1.4. Every exchange ideal without nonzero nilpotent elements is a clean ideal.
Proof. Let I be an exchange ideal of a ring R. Assume that every nilpotent element in I is zero. Let e ∈ I be an idempotent and x ∈ R. We see that ex(1 − e) ∈ I is a nilpotent element; hence, ex = exe. Likewise, xe = exe. Therefore, every idempotent in I is central and we complete the proof by Theorem 1.3.
Recall that an ideal I of a ring R is left quasi-duo provided that for any maximal left ideal J of R, JI ⊆ J. From Theorem 1.3, it follows that every left quasi-duo exchange ideal of a ring is clean. An ideal I of a unital ring R is π -regular provided that for any x ∈ I, there exists a positive integer n(x) such that x n(x) = x n(x) yx n(x) for a y ∈ I. It follows by Corollary 1.4 that every π -regular ideal without nonzero nilpotent elements is a clean ideal. Recall that a ring R is regular in case for any x ∈ R, there exists a y ∈ R such that x = xyx. Let I be an ideal of a regular ring R. We say that I has stable range one if
It is well known that an ideal I of a regular ring R has stable range one if and only if eRe is unit regular for any idempotent e ∈ I. Let V 1 and V 2 be countably infinitely and finitely generated vector spaces over a division ring D, Proof. Let C(R) be the center of R and let R = I + C(R). In view of Lemma 1.5, R is unit regular. By [2, Theorem 1], we know that R is a clean ring. Given any x ∈ I, we have x ∈ R; hence, there exist an idempotent e ∈ R and a unit u ∈ R such that x = e + u. We easily check that e = e 2 ∈ R and u ∈ U(R).
Therefore, I is a clean ideal of R.
Corollary 1.7. Let R be a regular, right self-injective ring and let I = {x ∈ R | xR is directly finite}. Then I is a clean ideal of R.
Proof. By [4, Corollary 9.21], I is an ideal of R. Given any idempotent e ∈ I, we have that eR is directly finite; hence, eRe End R (eR) is a directly finite ring. Using [4, Theorem 9 .17], eRe is unit regular. It follows by Lemma 1.5 that I has stable range one. Therefore, we complete the proof by Theorem 1.6.
Let R be a regular, right self-injective ring and xR directly finite. Then x is a sum of an idempotent and a unit by Corollary 1.7. Recall that an ideal I of a ring R is of bounded index if there is a positive integer n such that x n = 0 for any nilpotent x of I.
Corollary 1.8. Let I be an ideal of a regular ring R. If I is of bounded index, then I is a clean ideal of R.
Proof. Given any idempotent e ∈ I, we have eRe ⊆ I. Assume now that the nilpotent bounded index of I is n. If (er e) m = 0 in eRe, then we have
(er e) n = 0. Hence, eRe is a regular ring of bounded index. According to [4, Corollary 7 .11], eRe is unit regular. It follows by Lemma 1.5 that I has stable range one. Using Theorem 1.6, we get that I is a clean ideal of R.
It is well known that every exchange ring of bounded index is a clean ring. We ask a natural question: let I be an ideal of an exchange ring R, if I is of bounded index, is it a clean ideal of R? In [5] , Han and Nicholson proved that every matrix ring over a clean ring is a clean ring. We extend this result to clean ideals of a ring.
Theorem 1.9. Let I be a clean ideal of a unital ring R. Then M n (I) is a clean ideal of M n (R).
Proof. Clearly, the result holds for n = 1. Assume now that the result holds for n = k − 1 (k ≥ 2). Suppose that A ∈ M k (I), write A = a q p B , where a ∈ I, B ∈ M k−1 (I). Since I is a clean ideal of R, we have e = e 2 ∈ R and u ∈ U(R)
It is easy to verify that E = E 2 and
. By induction, we complete the proof. 
These conditions insure that the set T of generalized matrices a n m b , a ∈ A, b ∈ B, m ∈ M, and n ∈ N, forms a ring, called the ring of the context. Haghany studied hopficity and co-hopficity for Morita contexts with zero pairings. Now, we investigate clean Morita contexts with zero pairings. It is easy to verify that E = E 2 ∈ T and
(1.4)
Hence, U ∈ U(T ).
Obviously, we have A = E + U. Therefore, we get the result. 
Proof. (1)⇒(2). Clearly,
is an ideal of 
, as required.
(2)⇒(1). Inasmuch as
is an ideal of
, we show that I, J, and K are ideals of A 1 , A 2 , and A 3 , respectively. For any x ∈ J, we have
Thus, we have idempotent
∈ T and a unit
Clearly, e 2 = e 2 2 and u 2 ∈ U(A 2 ). Furthermore, we have x = e 2 + u 2 . Therefore, J is a clean ideal of A 2 . Likewise, we claim that I and K are clean ideals of A 1 and A 3 , respectively. Corollary 1.13. Let R be a unital ring and I an ideal of R. Then the following are equivalent:
(1) I is a clean ideal of R,
is a clean ideal of the ring of all n × n lower triangular matrices over R.
Proof.
The proof is an immediate consequence of Theorem 1.12 and the induction.
Analogously, we can derive the following proposition.
Proposition 1.14. An ideal I of a ring R is clean if and only if the ideal of all n×n lower triangular matrices over I is a clean ideal of the ring of all n×n lower triangular matrices over R.
Similarly, we deduce that an ideal I of a ring R is clean if and only if the ideal of all n × n upper triangular matrices over I is a clean ideal of the ring of all n × n upper triangular matrices over R. We say that an ideal I of a ring R is strongly π -regular if for any x ∈ I, there exists a positive integer n(x) such that x n(x) = x n(x)+1 y for a y ∈ I. It is proved that an ideal I of a ring R is strongly π -regular if and only if there exists a positive integer n(x) such that x n(x) = x n(x)+1 y and xy = yx, for a y ∈ I. So every strongly π -regular ideal of a ring is left-right symmetric. Hence all strongly π -regular ideals of a ring are clean ideals. Thus, we see that the ideal of all n×n upper (lower) triangular matrices over a strongly π -regular ideal of a ring is a clean ideal of the ring of all n × n lower triangular matrices over R.
A finite orthogonal set of idempotents e 1 ,...,e n in a ring R is said to be complete in case e 1 + ··· + e n = 1 ∈ R. Using the method in Theorem 1.9, we now observe the following fact. It is easy to verify that E = E 2 and
(1.9) Hence, U is invertible. Clearly, A = E + U, so we get the result.
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